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Abstract. In this paper, we introduce and investigate a general transformation or 
change of Finsler metrics, which is referred to as a generalized /5-conformal change: 

L(x, y) L{x, y) = f{e'^^'^'^L{x, y),(3{x, y)). 

This transformation combines both /5-change and conformal change in a general set- 
ting. The change, under this transformation, of the fundamental Finsler connections, 
together with their associated geometric objects, are obtained. Some invariants and 
various special Finsler spaces are investigated under this change. The most important 
changes of Finsler metrics existing in the literature are deduced from the generalized 
/3-conformal change as special cases. 
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Introduction 



In the context of Riemannian geometry, there is not only a complete local the- 
ory, but also a complete global theory, with many practitioners working on both 
approaches. In this sense, Riemannian geometry is indeed a complete theory. How- 
ever, the situation in Finsler geometry is substantially different. Finsler geometry 
was first introduced locally by Finsler himself, to be studied by many eminent math- 
ematicians for its theoretical importance and applications in the variational calculus, 
mechanics and theoretical physics. Moreover, the dependence of the fundamental 
function L{x,y) on both the positional argument x and directional argument y offers 
the possibility to use it to describe the anisotropic properties of the physical space. 

Let F" = (M, L) be an n-dimensional Finsler manifold. For a differential one- 
form (3{x, dx) = hi{x)dx^ on M , G. Randers [12], in 1941, introduced a special Finsler 
space defined by the change L = L + (3, where L is Riemannian, to consider a unified 
field theoryll] M. Masumoto [lOj, in 1974, studied Randers space and generalized 
Randers space in which L is Finslerian. V. Kropina [8] introduced the change L = 
L^//5, where L is Reimannian, which has been studied by many authors such as 
Shibata [T^ and Matsumoto p. Randers and Kropina spaces are closely related to 
physics and so Finsler spaces with these metrics have been studied by many authors, 
from various standpoint in the physical and mathematical aspects ([3], [1], [11], [15], 
[T6] . [T7]). It was also applied to the theory of the electron microscope by R. S. 
Ingarden [6]. For a Kropina space (the Finsler space equipped with Kropinas metric), 
there are close relations between the Kropina metric and the Lagrangian function of 
analytic dynamics [13]. In 1984, C. Shibata [H] studied the general case of any f3- 
change, that is, L = f{L,f3) which generalizes many changes in Finsler geometry ([8], 
[To] . [19]). In this context, he investigated the change of torsion and curvature tensors 
corresponding to the above transformation. In addition, he also studied some special 
Finsler spaces corresponding to specific forms of the function /(L, /?). 

On the other hand, in 1976, M. Hashiguchi [5] studied the conformal change 
of Finsler metrics, namely, L = e'^^^^L. In particular, he also dealt with the special 
conformal transformation named C-conformal. This change has been studied by many 
authors ([7], [H]). In 2008, S. Abed ([1], [2]) introduced the transformation L = 
e'^^^^L+P, thus generalizing the conformal, Randers and generalized Randers changes. 
Moreover, he established the relationships between some important tensors associated 
with (M, L) and the corresponding tensors associated with (M, L). He also studied 
some invariant and a-invariant properties and obtained a relationship between the 
Cartan connection associated with (M, L) and the transformed Cartan connection 
associated with (M, L). 

In this paper, we deal with a general change of Finsler metrics defined by: 

y) — . y) = /{e'^^^^Lix, y),Pix, y)) = /(Z, /?), 

^In 1941, G. Randers published his paper "On an asymmetrical metric in the four-space of general 
relativity" . In this paper, Randers considered the simplest possible asymmetrical generalization of 
a Riemannian metric. Adding a 1-form to the existing Riemannian struture, he was the first to 
introduce a special Finsler space. This space - which became known in the literature as a Randers 
space - proved to be mathematically and physically very important. It was one of the first attempts 
to study a physical theory in the wider context of Finsler geometry, although Randers was not aware 
that the geometry he used was a special type of Finsler geometry. 



2 



where / is a positively homogeneous function of degree one in L := e'^L and f3. This 
change will be referred to as a generalized /3-conformal change. It is clear that this 
change is a generalization of the above mentioned changes and deals simultaneously 
with /5-change and conformal change. It combines also the special case of Shibata 
(I = /(L, (3)) and that of Abed (I = + (3). 

The present paper is organized as follows. In section 1, the relationship between 
the Cartan connection associated with (M, L) and the transformed Cartan connec- 
tion associated with (M, L) is obtained (Theorem II. 121 ). The properties that a being 
homothetic, 6j being Cartan-parallel and the difference tensor being zero are inves- 
tigated (Theorems I1.14[ 11.151 and I1.16p . The coefficients of the fundamental linear 
connections of Finsler geometry are computed (Theorem ll.lSp . 

In section 2, the torsion and curvature tensor fields of the fundamental linear 
connections, corresponding to a generalized /3-conformal change, are obtained (The- 
orem [2]T]). Some invariants are found (Corollary 12. 2p and some properties concerning 
certain special Finsler spaces are investigated (Theorems 12.31 [2751 and [23]) . 

Finally, in section 3, many interesting changes of Finsler metrics are obtained as 
special cases form the present change. 

Notations 

Throughout the present paper, (M, L) denotes an n-dimensional Finsler man- 
ifold; L being the fundamental Finsler function. Let (x*) be the coordinates of any 
point of the base manifold M and (y*) a supporting element at the same point. We 
use the following notations: 
df. partial differentiation with respect to x\ 

df. partial differentiation with respect to (basis vector fields of the vertical bundle), 
Qij := ^didjL"^ = didjE: the Finsler metric tensor; E := \L?"- the energy function, 
U := diL = QijP = Qijjj'- the normalized supporting element; := ^, 
/•• •= 81 ■ 

hij := L/jj- = Qij — lily, the angular metric tensor, 
Cijk '■= \dkgij = \didjdkL'^: the Cartan tensor, 

G*: the components of the canonical spray associated with {M,L), 

Nj := djG^: the Barthel or Cartan nonlinear connection associated with {M,L), 

G]^ := dhN] = df,djG\ 

6i := di — N^dr'. the basis vector fields of the horizontal bundle, 
^jk '■— 9"Crjk = \g^^dkgrf the h(hv)-torsion tensor, 

^ifc := ^g^'^idjQkr + dkQjr — drgjk)'- the Christoffel symbols with respect to di, 
'■— \9^^i.^j9kr + ^kQjT — Srdjk)'- the Christoffel symbols with respect to 6i, 

= l]k + g'\C,krNl - CtkrNJ - C.trNl). 

We have: 

- The canonical spray G: G^ = |7j^?/*?/-'. 

- The Barthel connection N: A^j = djG' = Gi^y^ = ^i^y''. 
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- The Cartan connection CF: (Fj;., iVj, CjJ. 

- The Chern (Rund) connection RT: (r}^,7Vj,0). 

- The Hashiguchi connection iiT: {G]^, Nj,Cjk). 

- The Berwald connection BF: (G*;,, A^j, 0). 

For a Finsler connection (F*^, Nj, Cj^), we define: 
'^j\k ^^-^j -^j'^rk ~ -^r^^jk- the horizontal covariant derivative of Xj, 
Xj\k :— dkXj + XjC^i^ — X^Cjj^: the vertical covariant derivative of Xj. 

Transvecting with will be denoted by the subscript (excluding po, qo, sq). For 
example, we write Bjq for B^-^^y^. 

Finally, the following special symbols will also be used: 

~ ^ {j,k,r){-^jkr\ ■ — -^jkr -^krj -^rjk- 

- ^(^j^k){^jk} '■= ^jk ~ ^kj- the alternative sum with respect to the indices j and k. 



1. Changes of connections 



Let F" — (M, L) be an n-dimensional C°° Finsler manifold with fundamental 
function L = L{x,y). Consider the following change of Finsler structures which will 
be referred to as a generalized /?-conformal change: 



Lix, y) Lix, y) = /(e'^(^)L(x, y),(5{x, y)), 



[1.1) 



where / is a positively homogeneous function of degree one in e°"L and f3 and 
P = hi{x)dx\ Assume that F = (M, L) has the structure of a Finsler space. Entities 
related to F will be denoted by barred symbols. 
We define 



df 



df 



dL' dp' 
where L — e'^L. We use the following notations: 
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dLdp' 



, etc., 



Qo 

Q-2 



P ■■= ffi/L, 



Po — /I + Qo, 



= //2, 
— ff 22, 

= ffi2/L, p_i := +P/2//, 

= /(eVii - fi/L)/L', p_2 := g_2 + eV//'- 



Note that the subscript under the the above geometric objects indicates the degree 
of homogeneity of these objects. We also use the notations: 



b' = g'^bj, rrii := bi - {p/L^)yi ^ 0, Oi := diO, po2 



dpo 
dp' 
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The following lemmas enable us to compute the geometric objects associated with 
the space F obtained from F" by a generalized /5-conformal change. They can be 
proved by making use of Euler theorem of homogenous functions and the homogeneity 
properties of p, po, P-i, P-2\ q, go, Q-i, q~2- 

Lemma 1.1. The following identities hold: 

(a) e^Lf,+Pf2 = f, 

(b) e-L/i2 + /5/22 = 0, 

(c) e-L/n+/5/i2 = 0. 

Lemma 1.2. The following identities hold: 

(a) qop + e'^q.iL^ = 0, 

(b) g_i/5 + g_2^' = -P, 

(c) poP + e^p^iL"^ = q, 

(d) p^,(3 + p-2L^ = 0, 

(e) qf^ + e^pL^ = f^. 

Lemma 1.3. The following identities hold: 

(a) diq = poTTii + q/Lli, 

(b) dip = p_imi, 

(c) diPo = Po2mi, 

(d) dip-i = -e-''{(3/L'^)po2mi - {p^i/L)li, 

(e) 4p-2 = [e--{pyL^)po2 - (p-i/L2)]m, +p_i(2/5/L3)/,. 
Lemma 1.4. The following identities hold: 

(a) dkq = PoNJlmr + qNJllr/L + po&o|fc + e'^LV-iC^fc, 

(b) dkP = p-iNlmr + P-i&o|fc + (P - PP-i)(^k, 

(c) 9feJ9o = P02{N'kmr + bo\k - Pl^k), 

(d) 9fcj9_i = -(p_i/L)iV[/, - e-'^(/?/L2)(po2iV>, +po2&o|fc) + e-'^(/5V^')po2crfc, 

(e) dkP-2 = [e--(^VL4)po2 - (p-i/L2)]iV,-m, + {2(3p.i/ L^)Nllr 

+ [e-'^(/?V^')P02 - {p-i/L^)]h,\k - e--{pyL')po2 a,. 

Now, using Lemma [1. 11 we get 

Proposition 1.5. Under a generalized [3-conformal change, we have: 

(a) ~li = e^fik + f2h, 

(b) hij = e^p hij + qonxirrij, 
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(c) 9ij = e^pQij + Pq bibj + e^p^iipiyj + h^yi) + e>_2 Vi yj. 
Proof. As an illustration, we prove (c) only. 



= (eVi/. + /2&.)(e'^/i/, + f2b,) + fie'^fihj + e'^ie'^fnh + fMlj) 



Lemma 11.21 helps us to compute the inverse metric of the metric g^^ . 

Proposition 1.6. Under a generalized (3-conformal change, the inverse metric'g^^ of 
the metric 'g^j is given by: 



So : = e-'^f^o/iepL^), s_i := p^if/ipel'), s.2 ■= P-i{e''m'pL^ - b'f^)/{epPL^), 



e := f'^{e^p + rn^qo)/ L?' ^ 0, = g'^^rriimj = m^nii. 
Remark 1.7. The quantities Sq , s_i and s_2 satisfy: 

Pso + L^s-i = q/e, 
+ /3s-2 = e^p-.im^ / e. 
Proposition 1.8. Under a generalized f3-conformal change, we have: 
(a) The Cartan tensor Cijk is expressed in terms of Cijk as 



(b) The (h)hv-torsion tensor C^, is expressed in terms of C\j as 



g,^ = d,d,{h') = d,U{e^fih + f2h)) 



□ 



where 



Cijk — e p Cijk + Vijk 



(1.2) 



4 = 4 + ^' 



(1.3) 



where 




and 



V.,k := ^(/..m. + h,km. + /...m,) + 
^■j ■■= ^[e^'^m^ -pm^{sob^ + s_iy')](e>_i/iij + ^02^^771^) 



-e^isob^ + s^iy^){j)Cisj¥ + p^imirrij) 



+^{h\mj + h^^mi)- 
h] = g%ij. 
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Proof. We prove (a) only. Differentiating g^j (Proposition 11.51) with respect to y^, 
using Lemma [1.3[ we have 

2Cijk = 2e''pCijk + e" gijp-inik + po2bibjmk + e''p-i{higjk + hjgik) 

-e''{hiyj + hjyi).[e~''{(3/L^)pQ2mk + {p-i/L)lk] + e''p-.2gikyj 
+e''p-2yi9jk + e''yiyj[ie-''il3yL^)po2 - {p-i/L^))mk + {2(3/1'%] 

= 2e"pCijk + e^p-iihijUik + hjkhi + Kkhj) + po2mi'mjmk 
-e''p_i{(3/L){hiklj + hjkk + 2kljlk) + 2e''{(3/L)p_ililjlk 

= 2e''pCijk + e"p^i{hijmk + hjkrrii + hkiTUj) + po2mi'mjmk. 

□ 

The transformed Christoffel symbols of the Finsler space are given by 
In view of Lemma 11.41 and the above expression, we get 

Proposition 1.9. Under a generalized f3-conformal change, the Christoffel symbols 
Yjk transform as follows: 

l)k = l]k+T [FrkQj + FrjQk + EjkQr ' <S){jAr) {Bjkh\r + V^ktK + {I / 2)K jk^r]] 

+ {g^^ - e>^-)e(,, ,,^){C,,.iV;}, (1.4) 

where 

2Bij = e^p^ihij +po2mimj, 
Qi = e^p-iyi +pobi, 

Kij = Aigij + A2bibj + A^{biyj + bjyi) + A^yiyj, 

Ai = e''{2p - (3p.i), A2 = -Ppo2, ^3 = e'^P-i + (/?V^')Po2 , A, = e>_2 - (/?V^')Po2, 
Proof. After long but easy calculations, using Lemma 11.41 one can show that 

djVkr = e^pdjgkr + 2N^^kri + '^Bkrbo\j + Qrbk\j + Qkbr\j + PoibrbiT[j + bibkT\.-) 

+ ey^iiibryi + biyr)T[. + (biyk + bkyi)T[^) + e'^p_2(?/.z/zr^,- + ykvKj) + i^^.a,. 

The result follows from the above formula and the definition of t^j^.. □ 

Propositions 11.51 11.61 11.81 and 11.91 constitute the main elementary entities, or 
building blocks, of the geometry of the transformed space F . As a result, we are 
now in a position to construct the fundamental geometric objects of such geometry. 

Firstly, the following result determines the change of the canonical spray and 
Cartan nonlinear connection under a generalized /3-conformal change. 
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Theorem 1.10. Under a generalized j3-conformal change, we have: 

(a) The change of the canonical spray is given by 

= G' + D\ 

where 

D' = ^{[2p - - eV^^s_2 - ps_i(2e>/3 + e'p.iL^m^)]?/^ - 2eV/5sofe'} 
2p 

+^e-''F^ - ^L^a' + ^{e^pEoo - 2qFpo + e>LV^)(so6' + s.iy% (1.5) 

(b) The change of the Cartan nonlinear connection Nj is given by 

where 

D] = ^4 - {sob' + s.,y')Arjb^ 

-(gfooii + e'^pLV,)(s_i6' + s^^yj, (1.6) 
Aij := EooBij + FioQj + qFij + EjoQi — 2{e'^pCsij + Vsij)D'^ 

+ ^(To[2e''pgij + 2e>_imj?/i - 2f3Bij + e^p^iibiy^ - bjyi)] 

-^ai{e''L^p_imj + 2e>2/j) + ^aj{2e''pyi + L'^p^irrii), 
A] = g'^M,. 

Proof. 

(a) Using proposition 11.91 and the expression G = iffj^y^y^, we get 

= G' + ]^g"[^qFro + EooQr - e>LV, + (To(2e>i/, + e"LVi"^r-)] (1-7) 

= G' + ^e-'^F^ - h^a' + ^(e>Eoo - 2qFpo + e''pL^ap){soU + s^^y') 

- — {2eV/?So&^ - \2p - p^i(3 - eV^^s_2 - ps_i(2e>/? + e'p.iL^m^)]?/^. 
2p 

(b) Differentiating D' with respect to y\ we have 

D] := djD' = [2gFro + EooQr - e^L^ar + (To(2e>i/, + e'^LV-im,)]} 

= r'{EooBrj + FroQj + qFrj + E.oQr " 2(e'^pC,,,- + Kr,)^' 
+-cro(2e''p5(j> + 2e>_imj?/r - 2/35j> + e>_i(6,.?/j - 6^?/,.)) 

— -crr(e'^-^^P--i^j + 2e'^pLlj) + -aj{2e'^pyr + e'^L^p.imr)} 

*T / IT ')\*,r> /I (jr2 



A} - (so5* + s_i?/*)A,j-6'' - (gfoob- + e>LVj)(s_i6^ + s_2i/*). 



This ends the proof. □ 



As a direct consequence of the above theorem, the coefficients of the Berwald 
connection BT of the transformed Finsler space F can be computed as follows. 

Theorem 1.11. Under a generalized (3-conformal change, the coejficients of the 
Berwald connection G^^^ are given by 



r^i _|_ jDi 



where Bjf^ := dkDj. 



Now, we are in a position to announce one of the main results of the present 
paper. Namely, 



Theorem 1.12. Under a generalized (3-conformal change, the coefficients of the Car- 
tan connection F*;, are given by 

r* — r* -I- 

jk — jk ^ ^jki 

where 

■■= lie-" /p)9'' - {sob' + s^.y^y - {s_^V + s_2y')f][FrkQ, + F^^Qk + E.kQr 
+ ^0(i,M{2e"pC,fc™I)r + 2V^,A:mi^r - Kjk<yr - 2B,kho\r}]. (1.8) 

Proof. To compute F*;,, we use Propositions II. 6[ II. 8[ 11.91 and Theorem 11.101 

rjfc = fjk+t'^i.CjkvN'^ - CmkrN] - Cj:mrN\) 

= l]k + (^?*'" - e'^VtniCjkrNl^ - Cur^N] - C.rmNl) + r{Bjrho\k 

+Bkrbo\j — Bjkbo\r + FrkQj + FrjQk + Ej^Qr + NjVkrt + ^fc^Vt " N^Vjkt) 

+ ^r{crkK,r + (T.Kkr - cXrKjk) +r'"{(e>C,fc, + l^,fc.)(A^™ + 

-{e^'pCkrm + Vkrm){N^ + D'j) " {e'^pCj^r + V^,mr)(iVfc + Dl)} 
= 7jk + 9^"^iCjkrN^ — CkrmNj — CjrmNl) + ^"{-Bjr&0|fc + Bkrbo\j ~ Bjkbo\r 

+FrkQj + FrjQk + EjkQr + -{o'kKjr + O'jKkr — (Tr^jk) 

+e p C jkmDj. + VjkmDj. — e pCrkmDj — VrkmDj — 6 pCrjmDf. — VrjmDk } 

= F}, + [(e-7p)(7*^ - {s^U + S-iy'W " + s_22/>T [F.^Q, + FrjQk + F.fcQr 

This completes the proof. □ 
Corollary 1.13. The tensor Dj;^ has the properties: 

D], = B], = D], Dl, = 2D\ (1.9) 

In what follows we say that Ai, for example, is Cartan-parallel to mean that Ai 
is parallel with respect to the horizontal covariant derivative of Cartan connection: 
Ai\j = 0. Similarly, for the other connections existing in the space. 
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Theorem 1.14. Under a generalized j3-conformal change L ^ L = f[e"L,(3), con- 
sider the following two assertions: 

(i) The covariant vector bi is Cartan-parallel. 

(ii) The difference tensor Djf^ vanishes identically. 
Then, we have: 

(a) If (i) and (ii) hold, then a is homothetic. 

(b) If a is homothetic, then (i) and (ii) are equivalent. 
Proof. 

(a) If D]^ = 0, then, by = (i.e, CT = G'). Moreover, bjik = imphes that 
Fjk = Ejk = 0. Consequently, (11.71) reduces to 

pL^ar — ao{2pyr + L^p^inir) = 0. 

Now, transvecting with y^, we get (Tq = 0. From which, the above equation imphes 
that ar = 0. That is, a is homothetic. 

(b) Let a be homothetic and bj\k = 0. Then, = 0, by (11.51) . Consequently, = 
by (HD. 

On the other hand, let a be homothetic and D^^j^ = 0. Then, by (11.91) . = 0. 
Hence, (11.51) reduces to 

+ lie^pEoo - 2qFpo){s,U + s^iy') = 0. (1.10) 
p I 

Transvecting (11.101) with y,; and since Sq/? + 7^ (by Remark 1 1.7p . we get 

e''pEoo-2qFf,o = 0. (1.11) 

This, together with (ll.lOp . imply that Fq = 0. Consequently, Eqq = 0, by (11.111) . 
Since Fij = djFiQ and EjQ = djE^Q, then Fij = and Ejq = 0, which leads to 
bi\o = bo\i = 0. Consequently, = = g^^Ej^Qr, by (II. 8p . Hence, Ej^Qr = and 
transvecting this with y^ gives Ej^ = 0. Then, the result follows from the definition 
of Fjk and Ej^. □ 

As a consequence of the above theorem, we have the following interesting special 
cases. 

Theorem 1.15. 

(a) Let the generalized (3 -conformal change L L = f{e'^L, (3) be a conformal change 

(P = 0), then Dji^ vanishes identically if and only if a is homothetic. 

(b) Let the generalized j3-conformal change L ^ L = f{e'^L,f3) be a (3-change 

((T = 0), then D\j vanishes identically if and only if bi is Cartan-parallel. 
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A Finsler space = (M, L) is called a Berwald space if the Berwald connection 
coefficients are function of the positional argument a;* only. As an immediate 
consequence of Theorems 11.141 and 11.151 we have 

Theorem 1.16. Consider a generalized f3-conformal change L ^ L having the prop- 
erties that hi{x) is Cartan-parallel and a is homothetic. If the original space F"' is a 
Berwald space, then so is the transformed space F . 

Corollary 1.17. Let the Finsler structure L on F" be Riemannian. Assume that 
bi{x) is Riemann-parallel and a is homothetic. Then, the transformed space F is a 
Berwald space. 

It is to be noted that Theorem I1.14[ Theorem 11.161 and Corollary 11.171 generalize 
some of Shibata's results [H] and Abed's results |2]. 

We conclude this section with the following result which determines the coeffi- 
cients of the fundamental linear connections in Finsler geometry. 



Theorem 1.18. Under the generalized (3-conformal change ( fi.ij) . 

(a) the transformed Cartan connection has the form CT = (F^^, A^^, C^^), 

(b) the transformed Chern connection has the form RT = (F^^-, A^^, 0), 

(c) the transformed Hashiguchi connection has the form HV = {G^p N^, 

(d) the transformed Berwald connection has the form BV = {G^j, n'^, 0), 

where the coefficients , G^j and F^^ are given by Theorem ] I.ICH, Theorem \l.ll\ and 
Theorem ] 1 . 1 S\ respectively, whereas the components C^- are given by Proposition \1.8[ 



2. Change of the torsion and curvature tensors 

In this section, we consider how the torsion and curvature tensors transform 
under the generalized /3-conformal change (11.11) . 

For an arbitrary Finsler connection FT = (F*;,, N*, C*^) on the space F", the 
(h)h-, (h)hv-, (v)h-, (v)hv- and (v)v-torsion tensors of FT are respectively given 
by 0: 

jk jk kji 

C*;, = the connection parameters C^j/^, 
Rj, = 4N} - 6,Nl 
P]k = 4N} - F}„ 

Si f^i 
jk — ^jk ^kj- 
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The h-, hv- and v-curvature tensors of FT are respectively given by [S]: 

pi "IT* C*'' _L r^* 

■■^hjfc ~ '^k^ hj ^hk\j "T ^hm^jki 

The next table provides a comparison concerning the four fundamental linear 
connections and their associated torsion and curvature tensors. The explicit expres- 
sions of such tensors, under a generalized /5-conformal change, will be given just after 
the table. It should be noted that the geometric objects associated with Chern con- 
nection, Hashiguchi connection and Berwald connection will be marked by * and 
o respectively. For Cartan connection no special symbol is assigned. 



Table 1: Fundamental linear connections 



Connections 




Cartan 


Chern 


Hashiguchi 


Berwald 




fr^. c^) 


ip ' ^1 






Torsions 


(h)h-tors. Tj, 
(h)hv-tors. Cjfc 




^jk 








^jk 






(v)h-tors. R*^ 

(v)hv-tors. P*;, 
(v)v-tors. S^-fc 


R]k 

pi i^i 

^jk - Sfc|0 




pi pi 

^jk — ^jk 

-k . 

pi pi 

^jk - ^jk 




* 

pi pi 

^jk — ^jk 





o 

pi pi 

^jk — ^jk 





Curvatures 


h-curv. R^;, 
hv-curv. 'P^jf, 
v-curv. Sf^.^ 


^ijk 

ph 

ijk 

oh 

ijk 


★ 

ph 

^ijk 

ph 

ijk 




* 

ph 

^ijk 
* 

ph 

ijk 

* 

oh qh 

ijk ijk 


o 

p/i 

-n^ijfc 
o 

ph 

ijk 




Covariant 
derivatives 


h-cov. der. 
v-cov. der. 


K]\k 

K]\k 


j\k 

K] ],= duK] 


K\ 

j\k 

K]]u=K]\k 


K\ =K\ 

j\k j 1 k 



It is to be noted that the explicit expressions of the geometric objects of the 
above table can be found in [5J. 

Now, by Theorem II. 18^ one can prove the following 



Theorem 2.1. Under a generalized (3-conformal change, the torsion and curvature 
tensors of Cartan, Chern, Hashiguchi and Berwald connections, are given by: 



12 



(a) For Cartan connection, we have 



^jk — ^jk + -^jfe) 

Pjk = Pjk ^ P'jk ~^ PjkJ 
P-hjk — P-hjk + '^^hrtP'jP'k + ^htP]k ^ ^{3,k){^hj\k ~ ^hjtP'k 

Phjk — Phjk ^ '^^thk^^j ~ ^hjk + ^tk-^hj ~ ^hk^'tj + ^^th^jk + ^)t^hk 

S'ujk = Si^^ + ,){C*,A4. - ClMj - Mi,Mlj}, 

where A% = -D% - C],Dl = dnA]^ and M],^ = duM],. 

(b) For Chern Connection, we have 

R]k-^k + %MDi\k - (B^r + P^r^m. 
Ic . 

jk ~ ^jk ^jk ^ ^jki 

kjk -kjk + %MDk,ik - D^Di - Dlpl, -P\jtDl}, 
pi — _i_ ni 

^hjk —^hjk ^ ^hjk' 

where 0]^^^ = 4^}^- 

(c) For Hashiguchi connection, we have 

"* . . 

P]k = P)k + %,k){P'[* - PjrP'k}^ 

j\k 

kjk = k,k + '^krtD'-pi + Mifi]^ - ^^,,k){H: . - mi^)Di 

hj\k 

+DijDl, +kjtDl - Mi,D\ + Ml,B]^Dl}, 

kik = kik - '^khkD] - + ci,Di. - ciDi- + h^^mi, - mi^hi. - m; 

+MkB% + Ml^D] + Cl^MlD] - Ml.Cl,D] 
kjk = Sl^^ + 2l(,-, ){CLM^ - C\Mj - MlMj), 

where H], = -B]^ - q^Dl 

(d) For Berwald connection, we have 
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~o . o . , o . 

Rhjk =Rhjk - ^{j,k){B' o - Blj^Dl + DljDli^ +Plj^Dl}, 

hj\k 

"o o 

pi _ pi I pi 

^ hjk —-^hjk ^ ^hjkJ 

where 3]^^^ = dhB},^. 

Corollary 2.2. Under a generalized f3-conformal change, for which the covariant 
vector field hi is Cartan-parallel and a is homothetic, we have: 

(a) The torsion and curvature tensors of Chern connection are invariant. 

(b) The torsion and curvature tensors of Berwald connection are invariant. 

(c) For Cartan connection, i?*^ and PJ^ are invariant and 

^jk = ^]k + ^]k' 

^hjk = -R/tjfc + ^ht^'jkJ 

"p* — pi I Jlfi pt _ Afi 
^ hjk — ^hjk ^ ^"th-'^jk ^"hk\j' 

^Hjk = SI,, + %MCikMl, - Cl,Mi^ - Ml,Ml^}. 

* . 

(d) For Hashiguchi connection, R^jp. is invariant and 

* . * . ■ * t 

^hjk —-^hjk + ^hfljki 

hk\j 



A Finsler space F"" is called a Landesberg space if the hv-curvature tensor P^jk 
of CT vanishes, or equivalently Pj^, = 0. 

By Corollary 12.21 PJ^ is invariant under a generalized /5-conformal change for 
which hi is Cartan-parallel and a is homothetic. Hence, we have the following 

Theorem 2.3. A Landesberg space remains Landesberg under a generalized (3-conformal 
change if hi is Cartan-parallel and a is homothetic. 

By the above theorem and the fact that the hv-curvature tensor P^^-^ of a Rie- 
mannian space vanishes identically, we have 

Corollary 2.4. Under a generalized (5-conformal change, a Riemannian space P" is 
transformed to a Landesberg space F if hi is Riemann-parallel and a is homothetic. 
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A Finsler space is called locally Minkowskian if is a Berwald space and 
the h-curvature tensor R\jk vanishes. 

Theorem 2.5. Assume that the covariant vector bi{x) is Cartan-parallel and a is 
homothetic. If F" is locally Minkowskian, then so is the space F . 

Proof. 

We prove firstly that if the covariant vector hi{x) is Cartan-parallel and the 
change is homothetic, then -R^j^ vanishes if and only if R^^^, vanishes. By Corollary 
Ea %k = B^^^k + Ml^Rfk- If Kjk = 0, then R)^=Q and hence R\^^ = 0. Conversely, 
if Rhjk — 0; then i?^^-^ + M\^R^-j^ = 0. By transvection with y^, we obtain i?*^ = 
and hence i?^^-;, = 0. 

Now, the result follows from the above fact and Theorem I1.16[ □ 

Theorem 2.6. Under a generalized (3-conformal change, a Riemannian space F" is 
transformed to a locally Minkowskian space F if hi is Riemann-parallel, a is homo- 
thetic and R\jic vanishes. 

Proof. 

Follows directly from Corollary 11.1 7[ □ 

It is to be noted that Theorem 12.31 Corollary 12.41 Theorem 12.51 and Theorem 12.61 
generalize various results of Shibata [Hj. 



3. Concluding remarks 

In this paper, we have introduced a generalized change, which combines both (3- 
change and conformal change in a general setting. We have refered to this change as a 
generalized /?-conformal change. Many of the known Finsler changes in the literatures 
may be obtained from the generalized /3-conformal change as special cases. 

We will mention some interesting special cases. In these special cases, we restrict 
ourselves to the difference tensor only. 

• When the generalized /3-conformal change (11. ip is a /^-change: L = f{L, f3), the 
difference tensor (11. 8p takes the form: 

D]k = {a/p)9'" - (sob' + s^.y'W - {s-ib' + s_2y>'}{%&o|fc + i?/c.&o|, 

—Bjkbo\r + FrkQj + FrjQk + EjkQr + P C jkmD^ + VjkmDT 

This is the case studied by Shibata [2]. 

• When the generalized /3-conformal change (II. ip is a /3-conformal change: L = 
e"L + (3, the difference tensor (II. 80 takes the form: 

= [r-'g'' - {l/LT){y'b' + fU) + iilT][FrkQj + F,,Q, + E.kQr 
+ (l/2)e(,,fe,,){2rC,fc^Dr + 2V,fc„^/^r - Kjk(yr - (e7L)/i,fe6o|r}], 
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where r := e"j and /i := -^{Lb'^ + Pe"). 
This is the case studied by Abed [2]. 

• When the generahzed /?-conformal change (11. ip is a generahzed Randers change: 
L = L + (3, with L Finslerian, the difference tensor (11.81) takes the form: 

Lt 

+ (l/2)e(,-fc,,){2rC,fe„/^™ + 2\/,fc„D,"^ - (l/L)/i,fc6o|r}], 
This is the case studied by Matsumoto [10], Tamim and Youssef [16] and others. 



• When the generahzed /3-conformal change (11. ip is a Kropina change: L = L'^/jS, 
with L Riemannaian, the difference tensor (II. 8p takes the form: 

+ (1/2)60- fc,,){2/?V,fc„Dr + 4i^'(/3'^.fc + 3L2m,mfc)6o|.}]. 
This is the case studied by Kropina [8], Matsumoto [9], Shibata [13j and others. 

• When the generahzed /5-conformal change (II. ID is a conformal change: L = e'^L, 
the difference tensor (II. 8p takes the form: 

This is the case studied by Hashiguchi [S], Izumi [7], Youssef et ah [IB] and others. 

• When the generahzed /5-conformal change (II. ip is a C-conformal (resp. h- 
conformal) change: L = e'^L, with a enjoying the property that Cjk'^i = (resp. 
Cj^cTj = ■;^C''aihjk), the difference tensor (II. 8p takes the form: 

D'jk = ^j^k + ^fc^] - (^'9jk - (^oCjk. 
{resp. = aj6l + akS] - a'g^k - (y^C^ + -^CV,(?/j/ij, + yth] - y'hjk - ^^C* J). 

This is the case studied by Hashiguchi [5] (resp. Izumi [7]). 
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